New methods for obtaining functional equations for Feynman integrals are presented. Application of these methods for finding functional equations for various one-and twoloop integrals described in detail. It is shown that with the aid of functional equations Feynman integrals in general kinematics can be expressed in terms of simpler integrals.
Introduction
Recently it was discovered that Feynman integrals obey functional equations [1] , [2] . Different examples of functional equations were presented in Refs. [1] , [3] , [2] . In these articles only one-loop integrals were considered.
In the present paper we propose essentially new methods for deriving functional equations. These methods are based on algebraic relations between propagators and they are suitable for deriving functional equations for multi-loop integrals. Also these methods can be used to derive functional equations for integrals with some propagators raised to non-integer powers.
Our paper is organized as follows. In Sec. 2. the method proposed in Ref. [1] is shortly reviewed.
In Sec. 3. a method for finding algebraic relations between products of propagators is formulated. We describe in detail derivation of explicit relations for products of two, three and four propagators. Also algebraic relation for products of arbitrary number of proparators is given. These relations are used in Sec. 4 . to obtain functional equations for some one-, as well as two-loop integrals. In particular functional equation for the massless one-loop vertex type integral is presented. Also functional equation for the two-loop vertex type integral with arbitrary masses is given.
In Sec. 5. another method for obtaining functional equations is proposed. The method is based on finding algebraic relations for 'deformed propagators' and further conversion of integrals with 'deformed propagators' to usual Feynman integrals by imposing conditions on deformation parameters. To perform such a conversion the α-parametric representation for both types of integrals is exploited. The method was used to derive functional equation for the two-loop vacuum type integral with arbitrary masses. As a by product, from this functional equation we obtained new hypergeometric representation for the one-loop massless vertex integral.
In conclusion we formulate our vision of the future applications and developments of the proposed methods.
Deriving functional equations from recurrence relations
The method for deriving functional equations proposed in Ref. [1] is based on the use different kind of recurrence relations. In particular in Refs. [1] , [2] , [3] , generalized recurrence relations [4] were utilized to obtain functional equations for one-loop Feynman integrals. In general such recurrence relations connect a combination of some number of integrals I 1,n , ..., I k,n corresponding to diagrams, say, with n lines and integrals corresponding to diagrams with fewer number of lines. Diagrams with fewer number of lines can be obtained by contracting some lines in integrals with n lines. Integrals corresponding to such diagrams depend on fewer number of kinematical variables and masses compared to integrals with n lines. Such recurrence relations can be written in the following form:
where Q j and R k are ratios of polynomials depending on masses m i , scalar products s r of external momenta, powers of propagators ν l and parameter of the space time dimension d. At the left hand-side of Eq. (2.1) we combined integrals with n lines and on the right hand -side integrals with fewer number of lines.
In accordance with the method of Ref. [1] , to obtain functional equation from Eq. (2.1) one should eliminate terms on the left hand -side by defining some kinematical variables from the set of equations:
If there is a nontrivial solution of this system and for this solution some R k,r ({m i }, {s m }, ν l , d) are different from zero then the right-hand side of Eq. (2.1) will represent functional equation. For the one-loop integrals with n propagators
where
different types of recurrence relations were given in Refs. [4] , [5] . Diagram corresponding to this integral is given in Figure 1 . In Refs. [4] , [5] the following relation was derived: 
Here p i , p j are external momenta going through lines i, j respectively, and m j is mass attributed to j-th line. Gram determinant G n−1 and modified Cayley determinant ∆ n are polynomials depending on scalar products and masses. It is assumed that these scalar products are made of d dimensional vectors and G n−1 and ∆ n are not subject to any restriction or condition specific to some integer values of d. Eq. (2.5) is written in the form corresponding to Eq. (2.1). To eliminate integrals with n lines on the left hand -side of Eq. (2.5) the following conditions to be hold:
Eq. (2.5) is valid for arbitrary kinematical variables and masses. Solution of Eqs. (2.8) can be easily done with respect to two kinematical variables or masses. Starting from n = 3 substitution of such solutions into Eq. (2.5) gives nontrivial functional equations.
The method for obtaining functional equations by eliminating complicated integrals from recurrence relations is quite general one. However for multi loop integrals, depending on several kinematical variables, derivation of equations like Eq. (2.5) is computationally challenging. In the next sections we will describe easier and more powerful methods that can be used for deriving functional equations for multi-loop integrals.
Deriving functional equations from algebraic relations between propagators
Setting ν j = 1 in Eq. (2.5) and imposing conditions (2.8) leads to the following equation:
In Eq. (3.9) integrands of
are products of n − 1 propagators depending on different external momenta, i.e. each term in this relation corresponds to the same function but with different arguments. In fact functional equations considered in Refs. [1, 3, 2] are of the same form as Eq. (3.9). The question naturally arises: This relationship holds for integrals or it can be obtained as the consequence of a relationship between integrands?
By inspecting Eq. (3.9), one can suggest the following form of the relation between products of propagators of integrands:
In what follows we will omit i term assuming that all masses have such a correction. Additionally we assume that vectors p j are linearly dependent, i.e. the Gram determinant for the set of vectors {p j } is equal to zero. Such a condition is valid for all examples considered in Refs. [1] , [2] . Now let's consider in detail implementation of our prescription for products of 2,3 and 4 propagators. At n = 2 relation (3.10) reads:
where Furthermore, we assume that k 1 will be integration momentum and scalar quantities x 1 ,x 2 , y 32 , y 32 do not depend on k 1 . Putting all terms in Eq. (3.12) over a common denominator and then equating to zero the coefficients in front of various products of k 2 1 , k 1 p 1 ,k 1 p 2 yields the following system of equations: Solution of this system of equations is:
where λ 2 is a root of the equation
This solution can be rewritten in an explicit form: Now let's find algebraic relation for the products of three propagators. At n = 3 Eq. (3.10) reads: 1
where P 1 , P 2 , P 3 are defined in Eq.(3.13) and
In complete analogy with the previous case we can represent one momentum as a combination of other ones. Without loss of generality we may write
where y ij for the time being are arbitrary coefficients. Putting all terms in Eq. (3.21) over a common denominator and then equating to zero the coefficients in front of various products of (k
yields the following system of equations:
Solving these equations for x 1 , x 2 , x 3 , y 41 , y 42 we have
where λ 3 is solution of the equation Let us now turn to the derivation of algebraic relation for the product of four propagators. At n = 4 Eq. (3.10) reads:
where P 1 , P 2 , P 3 ,P 4 are defined in Eqs. (3.13), (3.22), Putting all terms in Eq. (3.28) over a common denominator and then equating to zero the coefficients in front of different products of k 2 1 , k 1 p j yields system of equations: Solving this system for x 1 , x 2 , x 3 ,x 4 , y 51 , y 54 we have
where λ 4 is a solution of the equation Eqs. (3.21), (3.21) and (3.28) will be used in the next sections to derive functional equations for the propagator, vertex and box type of integrals. Relations between products of five and more propagators can be easily derived in the same way as as it was done for products of two-, three-and four-propagators. From Eq. (3.10) one can derive system of equations and find its solution for arbitrary n. Multiplying both sides of Eq. (3.10) by the product of n + 1 propagators n+1 j=1 P j yields
Since we assume linear dependence of vectors p r , without loss of generality we may write:
Substituting (3.37) into Eq.(3.36), collecting terms in front of k 2 1 , k 1 p j and terms without k 1 , equating them to zero after some simplifications yields the following system of n + 2 equations:
Solving Eq. (3.39) for one of the y ij an substituting this solution into Eq. (3.40) gives quadratic equation for the remaining y ij . This quadratic equation can be solved with respect to one of the parameters y ij . Thus the solution of the system of equations (3.38), (3.39), (3.40) will depend on n − 2 arbitrary parameters y ij and one arbitrary mass m n . It is interesting to note that for any n, functional equations for integrals with all masses equal to zero and functional equations for integrals with all masses equal are the same. In case of equal masses, two mass dependent terms in Eq. (3.40) cancel each other due to Eq. (3.39). In both cases systems of equations for x i , y jk are the same and therefore arguments of integrals are the same.
Eq. (3.12) is analogous to the equation for splitting propagators presented in Ref. [6] . Eq. (3.21) is a generalization of Eq. (3.12). Indeed, setting y 43 = x 3 = 0, canceling common factor P 3 on both sides of Eq. (3.21) yields relation similar to (3.12). In turn Eq. (3.28) is a generalization of (3.21).
Prototypes of functional equations
Multiplying algebraic relations (3.12),(3.21), (3.28) by products of any number of propagators raised to arbitrary powers ν j
and integrating with respect to k 1 we get a functional equation for one-loop integrals. Eqs. (3.12), (3.21), (3.28) also can be used to derive functional equations for integrals with any number of loops. Multiplying algebraic relations for propagators by function corresponding to Feynman integral depending on momentum k 1 and any number of external momenta and then integrating with respect to k 1 will produce functional equations. Just for demonstrational purposes we present graphically in Figure 2 functional equation based on n propagator relation. The blob on this picture correspond to either product of propagators raised to arbitrary powers or to an integral with any number of loops and external legs. One of the external momenta of this multi loop integral should be k 1 . In this section several particular examples of functional equations resulting from algebraic relations for products of propagators will be considered.
Functional equation for the one-loop propagator type integral
First, we consider the simplest case, namely, functional equation for the integral I 
(4.42)
Integrating both sides of Eq. (3.12) with respect to k 1 , we get: The arguments s 13 , s 23 of integrals on the right hand -side depend on y 31 , y 32 
and integrating over k 1 leads to the equation:
This equation in terms of integrals I This is not surprising because coefficients of the Eq. (4.57) are mass independent and in the integrand m 2 and i appear in the covariant combination m 2 − i . For this reason the similarity of functional equations for massless integrals and integrals with all masses equal take place for integrals with more external legs and more loops.
Functional equations for one-loop box type integrals
Functional equations for the box type integrals can be obtained by multiplying relation (3.12) by two propagators, or by multiplying relation (3.21) by one propagator and then integrating over momentum k 1 . Yet another relation can be obtained just by integrating Eq. (3.28) over momentum k 1 : 
Functional equation for two-loop vertex type integral
The method described in the previous section can be applied to multi loop integrals. Consider, for example, integral corresponding to the diagram given in Figure 3 . If we multiply Eq. (3.12) by the one-loop integral depending on k 1 
. (4.68) Integral R 3 satisfy the following functional equations: 
Integral on the right hand-side is in fact propagator type integral with one massless line. Applying recurrence relations given in Ref. [7] this integral can be reduced to simpler integral:
(4.72)
At q 2 = m 2 , the result for J
111 (q 2 ) is known [8] :
and it can be used for the ε expansion of R and R 3 . As was already mentioned at q
2 integrals on the right hand -side of Eq.(4.63) correspond to propagator type integrals. Analytic result for R reads
We checked that several first terms in the ε = (4−d)/2 expansion of R and R 3 are in agreement with results of [9] . The main profit from functional equations for R and R 3 comes from the fact that vertex integrals were expressed in terms of simpler, propagator type integrals.
Deriving functional equation by deforming propagators
The method described in the previous section does not work for deriving functional equations for all kinds of Feynman integrals. For example, we did not found functional equation for the two-loop vacuum type integral given in Figure 4 . In this section we shall describe another method that extends the class of integrals for which we can obtain functional equations. The method is based on transformation of functional equations for some auxiliary integrals depending on arbitrary parameters into functional equations for integrals of interest. Such functional equations will be derived from algebraic relations for 'deformed propagators' which will be defined in the next section. These auxiliary integrals will be transformed into α parametric representation. In general characteristic polynomials of these integrals in α parametric representation differ from those for the investigated integral. Functional equation for the integral of interest can be obtained in case when it will be possible to map characteristic polynomials of auxiliary integrals with 'deformed propagators' to characteristic polynomials of this integral. Such a mapping will be performed by rescaling α parameters and appropriate choice of arbitrary 'deforming parameters'.
Algebraic relations for products of deformed propagators
In the previous section to derive functional equation we added to our consideration a propagator with combination of external momenta taken with arbitrary scalar coefficient. Now we consider generalization of this method.
To find functional equation for L-loop Feynman integral depending on E-external momenta we start from the relation of the form
where D j is defined as:
and a
jl for the time being are arbitrary scalar parameters. Some of these parameters as well as x r will be fixed from the equation (5.76). Another part of these parameters will be fixed from the requirement that the product of propagators in (5.76) should correspond to the integrand of the integral with the considered topology. We would like to remark that instead of deformation of propagators proposed in Eqs. (5.77),(5.78) one can use other deformations. For example, all terms in denominators of propagators can be taken with arbitrary scalar coefficients:
To establish algebraic relation (5.76) we put all terms over a common denominator and then equate coefficients in front scalar products depending on integration momenta. Solving obtained system of equations gives some restrictions on the scalar parameters.
In general integrals obtained by integrating products of 'deformed propagators' will not correspond to usual Feynman integrals. Further restrictions on parameters should be imposed in order to obtain relations between integrals corresponding to Feynman integrals coming from a realistic quantum field theory models.
Functional equation for two-loop vacuum type integral with arbitrary masses
As an example, let us consider derivation of functional equation for the two-loop vacuum type integral given in Figure 4 : .
(5.80)
Analytic expression for this integral was presented in Ref [10] . Instead of this integral we will first consider an auxiliary integral with integrand made from 'deformed propagators' defined in Eqs.(5.77), (5.78):
For the product of three deformed propagators one can try to find an algebraic relation of the form: 
Here m k are arbitrary masses, x k , a j , b i , h s , r l are undetermined parameters and k 1 , k 2 will be integration momenta. Putting in Eq. (5.83) all over a common denominator and equating to zero coefficients in front of different products of k 2 1 , k 2 2 and k 1 k 2 leads to the system of equations:
(5.85)
Solving this system for r 1 , x 1 , x 2 , x 3 we have:
where λ is a root of the quadratic equation
and
(5.88)
In order to obtain functional equation for the integral J
0 , we integrate first both sides of the Eq. (5.83) with respect to k 1 , k 2 and then convert these integrals into the α-parametric representation. Transforming all propagators into a parametric form
and using the d-dimensional Gaussian integration formula
we can easily evaluate the integrals over loop momenta. The final result is:
where the polynomial 
leads to the relation: with modified arguments: 
and performing analogous changes for the integrals on the right hand -side we obtain the relation
Conclusions
Finally, we summarize what we have accomplished in this paper. First of all, we formulated new methods for deriving functional equations for Feynman integrals. These methods are rather simple and do not use any kind of integration by parts techniques.
Second, it was shown that integrals with many kinematic arguments can be reduced to a combination of simpler integrals with fewer arguments. In our future publications we are going to demonstrate that in some cases applying functional equations one can reduce, the so-called, master integrals to a combination of simpler integrals from, what we would like to call, a 'universal' basis of integrals.
The method based on algebraic relations for 'deformed propagators' can be used not only for vacuum type of integrals but also for integrals depending on external momenta. In the present paper we considered rather particular cases of functional equations. The systematic investigation and classification of the proposed functional equations requires application of the methods of algebraic geometry and group theory.
At the present moment it is not quite clear whether functional equations derivable from recurrence relations can be reproduced by the methods of algebraic relations between products of propagators described in Section 3 and Section 5.
A detailed consideration of our functional equations and their application to the one-loop integrals with four, five and six external legs as well as to some two-and three-loop Feynman integrals will be presented in future publications.
